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Abstract 

We investigate the long-time asymptotics for the defocusing integrable 
discrete nonlinear Schrodinger equation of Ablowitz-Ladik by means of the 
inverse scattering transform and the Deift-Zhou nonlinear steepest descent 
method. The leading term is a sum of two terms that oscillate with decay 
of order £~ 1//2 . 

AMS subject classifications: Primary 35Q55; Secondary 35Q15, 
Keywords: discrete nonlinear Schrodinger equation, Ablowitz-Ladik 
model, asymptotics, inverse scattering transform, nonlinear steepest de- 
scent 



Contents 

1 Introduction 

2 Inverse scattering transform for the defocusing IDNLS 



3 Main result 

4 A new Riemann-Hilbert problem 

5 Decomposition, analytic continuation and estimates 

5.1 Decomposition on an arc and some estimates 

5.2 Decomposition of another function on the same arc . . 

5.3 Decomposition on another arc 

5.4 Decomposition on the remaining arcs 



6 A Riemann-Hilbert problem on a new contour 

7 Reconstruction and a resolvent 

7.1 Reconstruction 

7.2 Partition of the matrices 

7.3 Resolvents and estimates 



Saddle points and scaling operators 

8.1 Some functions characterizing arcs and their boundedness 

8.2 Scaling operators 



7 

10 
12 
I , 

13 



1 



9 Crosses [22] 



10 Infinite crosses and localization \24i 

11 Boundedness of inverses 

11.1 Case A 2£ 

11.2 Case B \31 

12 Reconstruction via scaling |32 

12.1 Reduction to infinity 32 

12.2 Case A 32 

12.3 Case B 34 

12.4 Proof of Theorem O 35 



1 Introduction 

In this article we study the long-time behavior of the defocusing integrable 
discrete nonlinear Schrodinger equation (IDNLS) introduced by Ablowitz 
and Ladik ( 3 ( 4, 6\) on the doubly infinite lattice (i.e. n 6 Z) 

i^-Rn + {Rn+i - 2R n + Rn-i) - \R n \ 2 (R n+1 + i? n _i) = 0. (1) 

It is a discrete version of the defocusing nonlinear Schrodinger equation 
(NLS) 

iu t + u xx — 2u\u\ 2 = or ivt — v xx + 2v\v\ 2 =0 (v = U). (2) 

Although there are other ways to discretize ((3]), we have chosen {TJ because 
of the striking fact that it is integrable: it can be solved by the inverse 
scattering transform (1ST). Here we employ the Riemann-Hilbert formal- 
ism of 1ST, rather than that based on integral equations. Knowledge 
of the IDNLS can give insight for the non-integrable versions, especially 
when one is interested in asymptotics. 

Significant works have been done on the long-time behavior of inte- 
grable equations, pioneers being [5l 1161 [19] . The epoch-making work by 
Deift and Zhou in |10] on the MKdV equation developed the inverse scat- 
tering technique and established the nonlinear steepest descent method. It 
was used to study the defocusing nonlinear Schrodinger equation by Deift, 
Its and Zhou in j) and the Toda lattice in [13] [14] [15] . A detailed bib- 
liography about the focusing/defocusing nonlinear Schrodinger equations 
on the (half-) line or an interval is found in [12] . 

Following the above mentioned results, we employ the Deift-Zhou non- 
linear steepest descent method and obtain the long-time asymptotics of 
([T}. Roughly speaking, the result is as follows. (See |3] for details.) If 
\n/t\ < 2, there exist Cj = Cj(n/t) £ C and pj = pj(n/t),qj = qj(n/t) £ 
M (J = 1, 2) depending only on the ratio n/t such that 

2 

Rn(t) = Y,C 3 t- 1/2 e-^ t+q i lost) +0(r 1 logt) ast^oo. (3) 

3 = 1 
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The quantities Cj , pj and qj are denned in terms of the reflection coefficient 
that appears in the inverse scattering formalism. The behavior of each 
term in the sum is decaying oscillation of order t~ 1,/2 . Notice that in the 
case of the continuous defocusing NLS (|2]l. the asymptotic behavior is 
expressed by a single term, not a sum, with decaying oscillation of order 
£-!/2 Notice that the defocusing NLS and IDNLS are without solitons 
vanishing rapidly at infinity. (Dark solitons do not vanish at infinity.) 

In [17], Michor studied the spatial asymptotics (n — > oo, t: fixed) of 
solutions of {TJ (and its generalization called the Ablowitz-Ladik hierar- 
chy). She proved that the leading term is a/n s (<5 > 0) in sharp contrast 
to under a certain assumption on the initial value. A natural remain- 
ing problem is to determine the asymptotics in \n/t\ > 2, which will be a 
subject of future research. 

Another interesting problem is to find the long-time asymptotics for 
the focusing IDNLS. It is more difficult than the defocusing one because 
the associated Riemann-Hilbert problems may have poles corresponding 
to solitons vanishing at infinity. 

Remark 1.1. The term —2R n in {TJ can be removed by a simple trans- 
formation e 2 ' t R„(t) = R n (t) and some authors prefer this formulation. 

2 Inverse scattering transform for the de- 
focusing IDNLS 

In this section we explain some known facts about inverse scattering trans- 
form for the defocusing IDNLS following [5] Chap. 3], which is a refined 
version of [3] [4] . 

First we discuss unique solvability of the Cauchy problem for fT|. 

Proposition 2.1. Assume that the initial value R(0) = {R n (0)}nez sat- 
isfies 

oo 

\\R(0)\\l = E l^(0)| < co, (4) 

n= — oo 

||-R(0)||oc =sup|-R n (0)| < 1 (smallness condition). (5) 

n 

Then fTJ has a unique solution in £ — {{c n }^_ 00 : X]l c «l < °°} f or 
< t < oo. 

Proof. We can regard (fTJ) as an ODE in the Banach space I 1 C £°° ■ First 
we solve it in i°° in view of ©. Set c_oo = Il^L-oo( 1 - I^P) > °> P = 
(1 — c_oo) 1//2 . Since 1 — |i?„(0)| 2 > c_oo for each n, we have ||i?(0)||oo < P- 
Set B := {R = {R n } G \\R - R(0)\\oo < p}- Since the right-hand side 
is Lipschitz continuous and bounded if R — {R n } G S, HI can be solved in 
B locally in time, say up to t — ti = t\(p). By a standard argument about 
ODEs in a Banach space, t\ is determined by p only and is independent 
of R(0) = {ii,i(0)} as long as sup„ |iZ n (0)| < p. Since it is known that 
c_oo and p are conserved quantities, we have ||ii(t)||oo = su P n \R n (t)\ < p 
for < t < ti. Then we solve {TJ again with the initial value at t = ti/2. 
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The solution can be extended up to t = 3ti/2. Repetition of this process 
enables us to extend the solution {R n (t)} £ £°° up to t = oo and it satisfies 
sup n \R n (t)\ < p for < t < oo. We have \\-£R„(t)\\i < const.||-R„(*)||i- 
Therefore ||.Rn(t)||i grows at most exponentially and {R n (t)} belongs to 
I 1 for any t < oo. □ 

Next we explain a concrete representation formula of the solution based 
on inverse scattering transform. Let us introduce the associated Ablowitz- 
Ladik scattering problem (a difference equation, not a differential equa- 
tion) 

Z R n 



Xn+1 — 



Rn 



X„ 



(6) 



It has no discrete eigenvalues ([21 P-66], Appendix]) and JTJ has no 
soliton solution vanishing at infinity. 

Remark 2.2. We adopt the formulation of J^. If one follows that of 

" z R~ 



the matrix on the right-hand side of (0 should be replaced by 
and it leads to minor changes at many places. 
The time-dependence equation is 



Rn 



d x 

~dt n 



iRn-lRn — \{z — Z 

i(z~ 1 R n — zRn-i) 



~i(zR n 



Rn- 



-iR„R„-i + |(z — z 



X n (7) 



and {TJ is equivalent to the compatibility condition -JjX n +i = {-^X m )m=n+i 
if we substitute ([6]) and (O into the left and right-hand sides respectively. 

The conditions @ and © are preserved for t < oo. We can construct 
eigenfunctions ([6] pp. 49-56]) satisfying ([6]) for any fixed t. More specifi- 
cally, one can define the eigenfunctions (depending on t) 4>n(z, t), ip n {z, t) G 
0(\z\ > 1) r\C°(\z\ > 1) and tp n (z,t) G 0(\z\ < 1) nC"(\z\ < 1) such that 



<fin(z,t) ~ Z T ' 

4> n (z,t) ~ Z~ 



(8) 

(9) 



On the circle C: \z\ — 1, there exist unique functions a(z,t) and b(z,t) 
for which 

(t> n (z, t) = b(z, i)ip n (z, t) + a(z, i)$ n (z, t) (10) 

holds. They can be represented as Wronskians of the eigenfunctions. The 
characterization equation 



\a(z,t)\ 2 - \b(z,t)\ 2 = c-oo > 
implies a{z,t) 7^ 0. Hence one can define the reflection coefficient^ 

b(z,t) 



r(z,t) = 



a(z, t) 



(11) 



(12) 



J It is denoted by p in the notation of [6]. 
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In our notation, r(z) is short for r(z, 0), not for r(z, t). It has the property 
r(—z,t) = — r(z,t),0 < \r(z,t)\ < 1, the latter being a consequence of 
(JTTJ . If {R n (0)} is rapidly decreasing in the sense that 



M S |-Rn(0)| < oo for any s G N, 



(13) 



then cj> n , ip n and ip n are smooth on C, hence so are a, b and r. 
The time evolution of r{z) according to (J7J) is given by 

r(z, t) = r(z) exp {it(z — z^ 1 ) 2 ) = r(z) exp (it(z — z) 2 ) 

where r(z) = r(z,0). 

Let us formulate the following Riemann-Hilbert problem: 



m+{z) = ra_ (z)v(z) on C: \z\ 
m(z) — > I as z — > oo, 

\l-\r(z,t)\ 2 



1, 



v(z) = 17(2, t) — 



l-\r(z)\ 2 
z- 2n r(z) 



-z 2n f(z,t) 
1 



-z 2n f(z) 



(14) 



(15) 
(16) 



(17) 



Here m+ and m_ are the boundary values from the outside and inside 
of C respectively of the unknown matrix-valued analytic function m(z) = 
m(z;n,t) in |z| 7^ 1. We employ the usual notation 0-3 = diag (1, — 1), 
a ad<T3 Q = a a3 Qa~ tT3 (a: a scalar, Q: a 2 x 2 matrix). The inconsistency 
with the usual counterclockwise orientation (the inside being the plus side) 
is irrelevant because later we will choose different orientations on different 
parts of the circle for a technical reason. 

The uniqueness of the solution to the problem above is derived by a 
Liouville argument. If m and m! are solutions, then mm! -1 is equal to 
I because it is entire and tends to I as z — > 00. The existence of the 
solution follows from the Fredholm argument in [18] . 

The solution {R n } = {R n (t)} to {TJ can be obtained from the (2, 1)- 
component of 771(2) by the reconstruction formula (0 P-69]) 771(2)21 = 
-zRn(t) + 0(z 2 ), i.e., 



Rn(t) = - lim -m(z)2i = - -^-771(2)21 (NB: 



0, not 00) 



(18) 



Summing up, the inverse scattering procedure is as follows: 

• The initial value {R n (0)} determines r(z) = r(z, 0). 

• 771(2) is determined by r(z) as the solution to (|15|) - (|17| ). 

• {R n (t)} is derived from m(z) by (|18l) . 



Set 



1 



tp = if>(z) 

so that the jump matrix v in (|15[1 is given by 



f(z; n, t) — 2^i z ' 



n log z 



: V(z) 



1 - \r(z)\ 2 
r(z) 



-r{z) 
1 



(19) 
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This representation is useful in that the saddle points of ip play important 
roles in the method of nonlinear steepest descent. 

Remark 2.3. Explicit expressions of some solutions are discussed in [7| 



3 Main result 

In the following, we will deal with the asymptotic behavior of R n (t) as 
t — > oo in the region denned by 

|n| < (2 - V )t, V is a constant with < V < 2. (20) 

We have dip/ dz — if and only if z — S 3 ■ G C (j — 1, 2, 3, 4), where 

Si = e-" /4 A, S a = e~™ /4 A, S 3 = -Si, S 4 = -S 2 , (21) 
4 = 2~ 1 (\/2 + n/i -i^Jl-njt ), (22) 

and we set $,±4 = Sj by convention. 
Set 



5(0) = exp ( — f $2 log(l - |r(r)| 2 ) — ) , 
V m Js l T } 



(23) 



Z iri/4 A 



131 2(4t 2 -n 2 )!/4' ^ 2(4t 2 -n 2 )!/4' (24) 

Dl = 2(4*2 -n2)i/4(A-l)' 732 = 2(4t 2 _ n 2)i/4( j 4_ 1) - ( 25 ) 
Moreover we define, for j — 1, 2, 

^ = -^log(l-|r^)| 2 ), (27) 

io g (i-iyi 2 ) dr y (28) 



-Si 

5° = ^e-"^-^ 1 ' 2 /^^ 15 '" 1 ^^- 1 ^" 1 ^^)?,^), (29) 



where the contours are minor arcs C C. We have Re Dj > and z 



has a cut along the negative real axis. See (|34[) . (|74[) and (|83l) for 5(z), 
Xj(^) and 5j(z) at a general point z (not only for j = 1,2 but also for 
j — 3, 4). Another expression of 5° is given in (|85[) . We have 5(0) > 1 and 
Vj > since jrj < 1. Notice that A, Sj, <5(0), Xj (Sj), and 5j (5-,) are func- 
tions in n/i and that /3j and Dj are of the form t" 1 ^ 2 x (a function in n/t). 
As * — > oo, /3j is decaying and <5° is oscillatory if n/t is fixed. 

Now we present our main result. Its proof will be given at the end of 

S3 
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Theorem 3.1. Let Vo be a constant with < Vo < 2. Assume that the 
initial value satisfies the smallness condition © and the rapid decrease 
condition (|13|l . Then in the region \n\ < (2 — Vo)t, the asymptotic behavior 
of the solution to ([]]) is 

2 

■M*) = ]C ft( 5 J°)~ 2s 7 2M J + lo s*) ffist ^°°. (30) 



where 



_ ^exp(M)^z/4-W2) 

^)r((-i)-^) 



and Mj = ifr(Sj) = 0. The symbol O represents an asymptotic estimate 
which is uniform with respect to (t,n) satisfying \n\ < (2—Vo)t. Each term 
in the summation exhibits a behavior of decaying oscillation of order t -1 ^ 2 
as t — > oo while n/t is fixed. 

Notice that has three oscillatory factors S", e _It ' Sj _s j ' ^ 2 and 

Z) ■ J . We claim that Sj is oscillatory because n tends to infinity 

together with t if the ratio n/t is fixed. Set 8j — argSj G (— n/2,0), 
dj — Im Sj . Then we have 

fi ,n e -«(s ;j -s- 1 ) 2 /2 i - ) (-i)^- 1 wj 

/ f— 1Y~ 1 \ 
= exp I in6j + 2ia 2 t ivj logt ] x (a function in n/t). 



Therefore (3j(5^)~ 2 in (|30|) behaves like const, t -1 ^ 2 exp(i(pjt + qj log t)) 
(PjjQj £ K). This is an analogue of the Zakhalov-Manakov formula con- 
cerning the continuous defocusing NLS ( [111 [9] 1161 I19|). Notice that 
Pj = pj(n/t) can be either positive or negative depending on the ratio 
n/t. This kind of change of sign is not observed in the case of the contin- 
uous NLS. 



Remark 3.2. A careful inspection of the proof shows that it is enough to 
assume ^ |n| s |i? n (0)| < oo for s — 10. It implies that the eigenfunctions 
and r are in C 10 on \z\ = 1. Therefore q and k in SJ3] can be so chosen 
that k — 9, q — 2 and we can set £ = 1 in Proposition \7.3\ 



4 A new Riemann-Hilbert problem 

Each Sj is a saddle point of <p with | Sj | = 1 and 

(/(Si) = tp"(S 3 ) = 2A 2 ^4f 2 -n 2 = 2A~ 2 ^4:t 2 - n 2 , 

(p"{S 2 ) = <p"(Si) = -2A 2 ^JU 2 -n 2 = -2A~ 2 y/U 2 - n 2 = -<p"(Si). 

For z = re 1 *, we have Re (p = ^-t(r 2 — r~ 2 ) sin 29 — n log r. It vanishes 
for any 6 if r = 1. For any other positive value of r , the equation Re ip — 
gives four branches of 8 = #(r) £ [0, 2tt[ and represents a curve with 
certain symmetry. It is shown in the Figure [1] together with the sign of 
Re tp in the each region. 
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Figure 1: Signs of Re<^ 



Let S(z), analytic in \z\ 7^ 1, be the solution to the Riemann-Hilbert 
problem 

6+(z) = 6-{z)(l - \r{z)\ 2 ) onarc(Si5 , 2 ) and arc(S 3 &t), (31) 
5+(z) = 8-(z) on arc (S2 S3) and arc (5*4 Si), (32) 
S(z) — ► 1 as z -> 00, (33) 

where axc(SjSk) is the minor arc C C joining Sj and Sk and the outside 
of C is the plus side. On the singular locus arc(Si5 , 2) U arc (S3 54), 5±(«) 
are the boundary values from ±Rey> > respectively, and there is no 
distinction between them on arc(S2<S3) U axc(S4,Si). 
This problem can be uniquely solved by the formula 



S(z) 



exp 





pS 2 




\2ni 


J Si 


L 



log(l 



) dr 



(34) 



where the contours are the arcs C C. We have 5{—z) = S(z) and 5'(0) = 
because r(— t) = — p(t). 

Conjugating our original Riemann-Hilbert problem (|15l) -(|17 |) by 



A(*) = 



S(z) 








= <T 3 ( Z ) 



leads to the factorization problem for mA , 

(mA- l )+(z) = (mA- 1 )-(z)(A-vA+ 1 ), 
mA -1 — > I (z — > 00). 



zeC, 



(35) 
(36) 



Now, we rewrite (|35[) - (|36[ ) by choosing the counterclockwise orienta- 
tion (the inside being the plus side) on ar^S^S^) and arc(S4iSi) and the 
clockwise orientation (the outside being the plus side) on arc(S l iS , 2) and 
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arc(S , 35 , 4). The circle \z\ = 1 with this new orientation is denoted by C 
and the new Riemann-Hilbert problem on it is 



(mA'Vtz) = (mA" 1 ).)^, zeC 
mA _1 — > I (z — > oo), 

for the 2x2 matrix v. We have, by (f3Tj) and (f32j) . 

1 



- trader 3 



- trader 3 



r$Z 2 /(l-\r\ 2 ) 



1 

r<T 2 




1 

fS 2 
1 



-f#/(l-|r| 3 ) 
1 



(37) 
(38) 



on S1S2 U S3S4, 
on S3S3US4S1. 



Set 



p=-f/(l 
_ ^ 



then w admits a unified expression 



i) = e 



on Si £2 U S3S4, 
on S2S3 U S4S1, 



1 p4 



(39) 
(40) 



on any of the arcs, where 5+ = 5_ = 5 on £2 S3 U S4S1. We have a 
lower/upper factorization 

(41) 



- o+, 
b+ := Sf^e 

Trader-} 

Later we shall use w± = ±(6± — /). 



(^adfT3 


1 


P 




1 









1 







1 


</?ad<T3 


1 


0" 






1 0" 




.P 


1 




s: 


-2 2<p - 1 

e *p 1 



(42) 
(43) 



5 Decomposition, analytic continuation 
and estimates 

From now on we assume < n < (2 — Vo)t so that — 7r/4 < axgA < 0. 
Minor modifications are required in the construction of the contour E 
(Figure [2] below) if -(2 - V )t < n < 0. See Remark RUl 
Set 

ip = tp/ (it) = 2 _1 (z — z -1 ) 2 + int~ x log z. 

It is real- valued on [z| = 1. For z — e' (9 £ 1), we have ip = cos 26 — 
nt~ 1 9 — 1 and ip is monotone on any of S1S2, S2S3, S3S4, S4S1. The 
monotonicity also follows from the fact that there are no other stationary 
points of ip on \z\ = 1 than Sj's. 
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5.1 Decomposition on an arc and some estimates 

We seek a decomposition p — R + hj + hn with each term having a certain 
estimate. Set ■& = 9 + ir/4, # = arg A = arctan y '(2t — n)/(2t + n). Then 
arc(S , iS l 2) corresponds to — i?o < $ < $o- We regard the function p on 
arc(S l iS , 2) as a function in i? and denote it by p(#) by abuse of notation. 
We have p(&) = H e ($ 2 ) + -dH {-& 2 ) (-tfo < i? < ■do) for smooth functions 
i/ e and H . By Taylor's theorem, they are expressed as follows: 

H e (O 2 ) = p o ] + ---+pt($ 2 -V 2 ) k + ^ f H< fc+1) ( 7 )(tf 2 - 7 ) fc d 7 , 

H {d 2 ) = ^ + . . . + p° k {v 2 - vit + ~ r //( fc+i) ( 7 )(^- 7 ) fc d 7 . 

Here fc can be any positive integer, but we assume fc = 4g + 1, q £ Z+ for 
convenience of later calculations. 
We set 



i=0 

a(*) = (z-Si) q (z-S 2 ) q , 
= p(i?) - 

and, by abuse of notation, 

a ($) _ a ( e i (''~' r / 4 )) = | e i (>?-T/4) _ e *(-*0— "•/4)j«r e »C*— >r/4) _ e i(#o-"VOjg 

Notice that we have i?(±t?o) = p(±i?o). The function R extends analyt- 
ically from arc(5iS , 2) to a fairly large complex neighborhood. Its singu- 
larity comes only from that of log z. By abuse of notation, R(z) denotes 
the analytic function thus obtained, so that R("&) = .R(e , ^* -,r/ ' 4 ') and 
R(Sj) = p(Sj). 

We have dip/ dt? = 2 cos 2$ — n/t and it has a zero of order 1 at 
$ = ±$o- Since [— $o,#o] 3 i' ^> f £ t is strictly increasing, we can 
consider its inverse $ = "&{ip), ip{— #o) < V 1 < VH^o)- We set 

(tya)(y>) = fc(0(yO)/a(0WO) in V»(-^o) < V < VOM, 

= otherwise. 

Then (h/a)(if)) is well-defined for i/> £ R, and it can be shown that 
ft/a g _ff' 39+2 '' /2 (— cx) < ip < oo) and that its norm is uniformly bounded 
with respect to (n, t) with (|20[1 . This argument is a 'curved' version of [101 
(1.33)]. Notice that #o, the counterpart of zo of [10], is trivially bounded. 

Set 



(v«)w= r e-^{h/ a )a>) dr 

J — OO 

/OO 
e is *W(/ l / a )( 



2tt 
c/.s 



= a(tf) / e is * W (/i/a)(s) 



/2tt 
ds 
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Figure 2: the contour E 



then h(ti) = hi (4) + hu(0), |0| < i?o and 



(3 9 +l)/2 



(44) 



for some C > on arc^iS^). See [101 (1.36)]. The symbol C always 
denotes a generic positive constant. 

Set p = sj2{2t-n)/{s/2t + n - \/1t - n ) > 0. We consider the 
contour L12 = ii2 U hi C {Re^ > 0} = {Reitp > 0}, where 



We have chosen p so that Si + pA = S2 — ipA, that is, I12 and Z21 are 
joined at a single point. 

We can show that hn (1?) can be analytically continued to {Re <p > 
0} = {Reitp > 0}. The extension is denoted by h n (z) so that ^/(e^-^ 4 ') 
hii{{>) by abuse of notation. On I12, we have for v = p — u(=the distance 
from Si), 



I12 : z(u) = Si + (p — u)A 
I21 : z(u) = S2 — iuA 



(0<u<p), 
(0 < u < p). 



\a{z{u))\ < v q \Si -S 2 + vA\ q < C q v q , 

Cq q — tRe iip 

|e " v k "tiii(z[u))\ < = 




1/2 



x 
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We have 

Reiip > CV (45) 

for some C 1 > 0, because v = corresponds to the saddle point Si. On 
I12, 

\ e -^*^))h II ( z {u))\ < Cv q e- C ' tv2 = Ct- q/2 (tv 2 ) q/2 e- c ' tv2 < C/t q/2 . 

We have a similar estimate on Z21 • Therefore, all over L12, we have 

\ e -2WW hn ( z -)\ < C/t q/2 . (46) 

For a small constant e > 0, let 2f 2 C £12 and l 21 C ?2i be the segments 
given by 

l\ 2 : = A + (p - m)A (0 < it < p - e), 

Z21 : z{u) =82- iuA (0 < £ < it < p). 

The segment Z^ fc is obtained by removing the e-neighborhood of Sj from 
Ijk- On if 2 Ui|i C I/12, we have Rez-(/> > C e £ 2 for some C e > 0. It implies 

\e- 2u ^ z) R(z)\ < Ce- C ^ 2t . (47) 

5.2 Decomposition of another function on the same 
arc 

The function p on arc(Si£?2) can be decomposed as p — R + hi + hn. 

Set p' = y/2(2t - n)/(y/2t + n + V2Z - n ) > 0. We construct the 
contour L' 12 = I12 U '21 m {R.ey> < 0} = {Re tip < 0} as follows: 

l' 12 : z(u) = Si + (p -u)iA (0 <«<£>'), 

1' 21 : z(u) = S2-UA (0<u<p). 

We have chosen p' so that 1' 12 and 1' 21 are joined at a single point Si +ip'A = 
Si-p'A. 

In the same way as (|44|l and (|46|) . we can show 

|e 2ltl/, Ziz(tf)| < C/t {39+1)/2 Qn arc ( SlS2 ) j (4 8 ) 
| e «**Wft„( K )| < C/t 9/2 onl/ 12 . (49) 

Set 

Zi e 2 : z(u) =Si + {p - u)iA (0 < it < p - e), 

l 2 \ : z(u) — S2 — uA (e < it < p ). 

In the same way as (I47[) . we can show that 

| e M**Wjj( K )| < c e -c^ 2 * on u ^ ( 5 o) 
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5.3 Decomposition on another arc 

On arc(S , 2S , 3), the functions R, hi , hn , R,hi ,hn are constructed from p 
and p in the same way as above. We have 

| e - 2 "^| < CA (39+1)/2 , \e 2m 7a\ < C/t {Aq+1)/2 . 

Set p" = y / 2(2t + n)/(y / 2t + n + V2i - n ) > 0. Let L23 be the 
contour obtained by joining 

Z23: z{u) = 5 2 +iuA (0<u<p"), 
I32 : z[u) = S3 + (p" - u)A (0<u<p"). 

The segments lj k C Ijk, (j,k) = (2,3), (3,2) consist of points whose dis- 
tance from Sj is not less than e. Notice that 5*2 + ip" A — S3 + p" A is 
inside the circle \z\ = 1. Then we can show in the same way as (|46|) and 
((47)) that 

\e-^ w hu{z)\ < C/t q/2 on L 23 . 
\ e -™+W R ( z y < C e- c ' E ' 2t on l E 2A U f z2 . 

Next, let L'23 be the contour obtained by joining 

S 2 +uA (0<u<l), 
Arc(S , 2 + A, S3 +iA), 

S 3 +i(l-u)A (0<u<l). 

Here Arc(S l 2 + A, S3 + iA) is the minor arc C {\z\ = (2 + \/2) 1/2 } from 
52 + A to S3 + iA. Then we have estimates on Z23 UZ32 similar to (|49|) . The 
arc ^23 is away from the saddle points and we have exponential decay of 
e 2xt ^hu on it. Therefore we get an estimate like (|49|l on L23. Moreover, 
we obtain an estimate like (|50[) if we exclude the e-neighborhood of 52 
and 53. 

5.4 Decomposition on the remaining arcs 

We construct Ljk and L'j k for (j, k) = (3,4), (4, 1) by symmetry and get 
relevant estimates. The results in this section lead to Lemma 17. II below. 

6 A Riemann-Hilbert problem on a new 
contour 

Set L = U u>k) L jk C {Re <p > 0}, l! = U Uik) L' ]k C {Re<^ < 0}, E = 
CUiUL'. We define six open sets f2i f2e as in Figure[2] The + signs 
indicate the plus sides of the curves. If j is odd (resp. even), arc(5j5j+i) 
is oriented clockwise (resp. counterclockwise) and LuL' is oriented inward 
(resp. outward) near Sj. 

Remark 6.1. Ifn<0, the contour E should be slightly modified. 



4s : z(u) = 

i'23 ■ z ( u ) = 
I32 : z(u) = 
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Figure 3: S (multipurpose version) 



(i) If n = 0, we should replace L12 and L23 with curves like L'23 and 
L'41 in Figure^ each made up of two segments and an arc. 

(ii) If n is negative, the argument of A is between —n/A and —n/2. The 
parts L'23 and L'4.1 should each be made up of two segments, while 
L12 and L34 of two segments and an arc. 

The expansion in Theorem is uniform with respect to the ratio 
n/t G [—(2 — Vb),2 — Vo]. The uniformity can be proved by considering 
the following three cases (e > is small): (a) e < n/t < 2 — Vo, (b) 
— e < n/t < e, (c) —(2 — Vo) < n/t < — e. The uniformity in (a) follows 
from the calculations explicitly given in the present paper. The contour 
of the type in (i) [resp. (ii)] is useful in (b) [resp. (c)J. In dealing with 
each part of the contour, one has only to follow the subsection I5.il (two 
segments) or \5.!A (two segments and an arc). 

One can show the uniformity in — (2 — Vo) < n/t < 2 — Vo by using only 
one multipurpose contour of the type in (1). See Figure^ We have chosen 
to use the contour as in Figure in order to simplify the presentation in 
the case (a). 

Notice that each of SI3, . . . , fie has two connected components and that 
Q,i is unbounded. We introduce the following matrices: 



fe = 5 ad CT3e -<pad CT3 



1 


hf 





1 


1 


0" 


hi 


1 


(b.) 





1 h u + R 
1 

1 0' 

h u + R 1 



m* by 



m — mA , 

= mA- 1 (b a L)- 1 , 
= mA-\b a + r\ 



z G fii U 9.2, 
z G 0,3 U 4 , 
z G fis U 6 . 



(51) 
(52) 
(53) 



By (|37p . (|38l) and (I41|) it is the unique solution to the Riemann-Hilbert 
problem 



m\z) / 



as z —¥ 00. 



(54) 
(55) 
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Here v" = v^(z) = v^(z;n,t) is defined by 

v\z) = (fc-r 1 ^, zee, 

= &+, 2 g L, 

= (&_)~\ !£L'. 

Set &1 = b°_,I,bt and 6*. = 6^,6+,/ on (7, L, L' respectively. Then, 
on E, we have 

u" = (6l)~X- 

In the next section, we shall employ w± = ±(6j- — /), tu* = lot + «;!_. We 
have v i = (/-w^-^J + wl) = (I + w l _)(I + wl). 

7 Reconstruction and a resolvent 
7.1 Reconstruction 

Since tf'(Q) = 0, GHJ and JSTJ) imply 

Bn(«) = - Vmkrr&S) = (mJi*) L_ = -5(0)^(0). (56) 
Let 

z'e{±-side of s} 

be the Cauchy operators on E. Define C^o = C~l$ : £ 2 (E) — > L 2 (T>) by 

C w */ = C=,/ = C+(M) + C-(/«»!5.) (57) 

for a 2 x 2 matrix-valued function /. Later we will define similar operators 
by replacing the pair (E,«r) with others. Even if a kernel, say uj±, is 
supported by a subcontour Ei of E2, it is necessary to distinguish between 
C^ 1 and C^ 2 . 

Let /Li" be the solution to the equation 

H*=I + C^. (58) 

Then we have [/} = (1 — C^ti) -1 ^ (the resolvent exists), and 

m»( Z ;n, f ) = / + / ^^ A, z6C \ S (59) 



is the unique solution to the Riemann-Hilbert problem (|54[) . (|55|l . By 
substituting (|59|) into (|56|l . we find that 

ft.(t) = -*(0) / e T 2 p(C;n,^»(C)] 2i ^ (60) 

= -5(0) J^z- 2 [((l-C w ,)- 1 l)(z)w\z)] 2i ^- i . (61) 

In ID we will prove that the resolvent (l-C^) -1 : L 2 (E) -> L 2 (E) indeed 
exists for any sufficiently large t and that its norm is uniformly bounded. 
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S*3/ Inward 



s 9t 

Outward ! 



I Outward 



S\ Inward 



Figure 4: E': four small crosses 



7.2 Partition of the matrices 

We set, for < e < inf(„ ]t )p', 

L £ = {z £ L; | z — Sj | > £ for all j = 1,2,3,4}, 
Li = {z <E i'; |« — Si| > e for all j = 1,2,3,4}. 

Set W± — w±\q (consisting of quantities of type hi or hi together with 



8 and e v 



) on C and w± = on E \ C. Let io± be equal to 



the contribution to w± from the quantities involving hn or hn on L U L' 
and set w± = on E \ (L U L'). Additionally, let w± be equal to the 
contribution to wi^. from the quantities involving R or R on L £ U and 
set = on E \ {L e UL^). Finally, we set w± = w± + w± + w± and 
w'± = w± — w±. These matrices are all upper or lower triangular and their 
diagonal elements are zero. We will show that w± are small in a certain 
sense and that the main contribution is by w'±. 

We define w* = w+ + wl for * = a, b, c, e,'. Then we have w e = w a + 



w b + w c and w' = vr - 



Set E' = {S\(CULeUL' s )}U{Si,S2,S 3 ,S4} 



(L U L') n Ll| =1 {|,z — Sj\ < e}, then it is a union of four small crosses and 
suppw± C suppiu' C E'. As is shown in Figure [4] each cross is oriented 
inward or outward. We have 



) i? 

) 

0" 
-R 



5 2 e- 2iti »R 




onin E', 

(62) 

onL'nE' 

(63) 



and they vanish elsewhere. 

Lemma 7.1. For any positive integer I, there exist positive constants C 
and 7 E such that 



l w ±li |*" tt | < Ct~ l onC, 
l w ±|i \ wb \ < Ct _£ on L U I/', 
\w±\, \w c \ < Ce u on L e U L' E . 



(64) 
(65) 
(66) 
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L p estimates are easily obtained since the length of E is bounded uniformly 
with respect to (n, t) satisfying H20\) . Moreover we have 

ll«4IU=( E) < ct- 1/4 , \\w'\\ L 2 (s) < cr 1/4 , (67) 
IKIImce) ^ CT ~ 1/2 > Wv'hns) < ct ~ 1/2 - ( 68 ) 

Proof. The boundedness of 5 and <5 _1 will be proved in fj8] The inequality 
(|64|) follows from (|44|) . (|48p and their analogues. The inequalities (|65|) and 
(|66|) are consequences of (|46p . (1471) , (|49l) . (|50p and their analogues. Finally 
in order to derive (|67|) and (|68[) . we employ (|45l) and its analogues. Since 
R, R, S, 5" 1 are bounded, we have only to calculate the Gauss type integral 
J °° e - const - tv2 dv. □ 

We define the integral operators C w > and C w e from L 2 (E) to itself of 
the type |57). We have C wi = CV + C W ' ■ 

Later in ij9]we will prove that (1 — C w i)~ 1 and (1 — C^j) -1 exist and 
are uniformly bounded for any sufficiently large t. We proceed assuming 
this assertion. 

7.3 Resolvents and estimates 

By the second resolvent identity, or rather by (|73[) below, we get 
J^z-\{l-C wi )- x l){z)w*(z) 

= j z~ 2 {{l-C w ,)-' L l){z)w'{z) +1 + 11 + 111 + (69) 

where 

Je Je 

III = J z- 2 (l-C w ,)-\C w ,I)w e , 

IV = J z' 2 (l - c^) _1 c^(i - c^r 1 ^/)^. 

Since \z~ 2 \ is uniformly bounded on E, (I64|) . (|65|) and (I66p imply 

|I|,|II|,|III|,|IV|<Ct~' ast^oo. (70) 
Proposition 7.2. We /iai>e 

«„(«) = -5(0) £ 2 - 2 [((1 - C^)- 1 !)^' (*)] ai ^ + O(r'). (71) 

Proof. Use |(61]|, |[69j) and dTDJl. □ 
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Proposition 7.3. We have 
R n {t) = -8{Q) j z~ 2 [((1 - C%)- x l){z)w\ Z )]^ ^±+0(r e ). (72) 

Here C%, is an integral operator on L 2 (E') whose kernel is iu±|e'- Notice 
that C m i is an integral operator on L 2 (T,) whose kernel is w'±, matrices of 
functions on S 3 E'. 

Proof. Since suppti4 C we can replace J s by J E ,. Apply [101 (2.61)]. 

□ 



Remark 7.4. In deriving (|69[) , we used the following formula: if the 
operators A, B, C and the matrices f, g, h are such that A — B + C, f — 
g + h, then 

{(1 - .4)- 1 /}/ = {(1 - B)~ 1 I}g + h + {(1 - B)-\CI)}f 

+ {(1 - B)-\BI)}h + {(1 - B)~ 1 C(l - A)-\AI)}f. 

(73) 

In (|69[) . f,g,h involve the factor z~ 2 , which is absent in the calculation 
of 11 Of . Its presence complicates matters, and it will be dealt with in (|98|) . 



8 Saddle points and scaling operators 

8.1 Some functions characterizing arcs and their 
boundedness 

Set Ti = T 2 = e"™ /4 , T 3 = T 4 = e 37Ti/4 and 

1 f S] , 1 - kWI 2 dT 

»w = ssy T . bE rFMF~' (74) 



40*) = / 



j dr 



(75) 



^=-^log(l-|r(^)| 2 )>0 (76) 

for j = 1, 2, 3, 4. The integral f£ 3 is performed along the minor arc from 
Tj to Sj, which we denote by arc(TjSj). The integral Xj{Sj) i s well- 
defined because the logarithm vanishes at Sj. Moreover, \i an< i £} are 
analytic in the complement of axc(TjSj), in particular near Sk (k 7^ j). 
We have v\ = 1/3 , u% = ^4 and 

^ jf*' log(l - |r(r)| 2 )-^- = iz^( Z ) + X ,(z). (77) 

Set 



5j(z) = exp((-l)'- 1 (ii/^ J (z) + xi(*)j) (78) 
'^I'^W, ( 7 9) 
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where w w i is cut along R_ and is positive on R+. It is analytic in the 
complement of axc(TjSj) and satisfies a Riemann-Hilbert problem similar 
to (|3II) -(I33 | ). The function 8(z) in (|34p is decomposed as 

4 
3=1 

Since Im^-(z) = arg[(z — Sj)/(z — Tj)], we see that exp(±ivj£j(z)) is 
bounded. Let Vj,Uj C &rc(TjSj) be sufficiently small neighborhoods of 
Tj and Sj respectively. Then Xj( z ) an d its boundary values on axc(Tj Sj)\ 
{Uj,Vj} are bounded as is proved by the Plemelj formula ([UH]). This 
formula involves a principal value integral. Its boundedness in Uj \ {Sj} 
(as 2 approaches Sj) is derived from the above-mentioned fact that the 
logarithm in (|74|) vanishes at r = Sj. 

The well-definedness of Xj(Sj) nas been explained above. The points 
Tj 's have been chosen just for simplicity, not for necessity, and can be re- 
placed by any other points on arc^iS^) or an^S^S^) (it results in another 
decomposition of S). Since there is nothing special about them as far as 
the product S(z) is concerned, it is well-defined and bounded on each Vj. 
Hence S(z), 8~ 1 (z) and their boundary values are bounded everywhere. 

Remark 8.1. // j ^ k, then r(—r) = — r(r) implies Xj+2(Sj+2) = 
Xj(Sj), Sj +2 (S k +2) = Sj(S k ) for j = 1,2 and k = 1,2,3,4 with the 
convention S3 = Si , Se =82- 

8.2 Scaling operators 

In a neighborhood of each saddle point Sj, we have 

^)=^(S J ) + ^^(2-S,) 2 + W ( Z ), W (z) = 0(\ Z -Sj\ 3 ) (80) 
for some function fj{z). Set 

/3j = (~lY2-\(4t 2 - n 2 y 1/4 Sj 



so that <p"(Sj)fi = (~iy~ 1 i/2. See lp|. 

Let the infinite crosses E(5j)'s and E(0)j's be defined by 

E(5j) = (Sj + AM.) U (Sj + iAV), oriented inward (j = 1, 3), 

= (Sj + AM.) U (Sj + iAM), oriented outward (j = 2, 4), 

E(0)j = e wi/4 R U e _7 " /4 R, oriented inward (j = 1, 3), 

= the same set as above, oriented outward (j = 2, 4). 

Note that E(5j) is obtained by extending one of the four small crosses 
forming E' and that the cut of Sj, namely axc(SjTj), is between two rays 
of EOS,). 

We introduce the scaling operators with rotation 

Nj : (C° U L 2 )(E(S,)) -> (C° U L 2 )(E(0),), 
f(z)^(Njf)(z) = f(0jZ + Sj). 
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It is the pull-back by the mapping Mj ■: E(0)j — > E(5j), z i-> /3jZ + Sj. 
The real axis is mapped by Mj to the tangent line of the circle at Sj. 
The positive imaginary axis is mapped to the outer (j — 1,3) or inner 
(j = 2, 4) normal. Hence the singularity of 5{z) is, if seen through Mj, to 
the left of either j is even or odd. 
By lO and (JSUJ) we have 

\Sj-Tj 

Here the arguments of j3j/(Sj — Tj) and of (Sj — Tj)/(ftjZ + Sj — Tj) (at 
least for a large positive z) are between —n/2 and 7r/2. 

Originally, JVj5j has a cut along the preimage under Mj of aic(SjTj). 
It is an arqf| with central angle not exceeding 7r/4 which is tangent to 
the real line at the endpoint = M~ 1 (Sj). See Figure [6] It is in the 
region ir < argz < 57r/4 (if j is odd) or 37r/4 < argz < n (if j is even). 
The factor z lVj is originally cut along the union of the preimage and the 
half-line Cj : z(u) = ^{-Sj + Tj) - u,u g R+. See Figured Since we 
consider z 1I/j only on the cross E(Q)j, the cut can be moved homotopically 
as long as it is away from the cross. Hence the cut of z lVj is moved to 
R_ for j = 1,2,3,4. Another factor {{Sj - Tj)/{/3jZ + Sj - Tj)} iv i is 
cut along the half-line Cj, but its singularity eventually disappears as 
t — > oo, fij — > 0. 

Set 

6 j {z)=6(z)/S j (z) = '[[S k (z). (83) 

k?j 

By ([81]) and ([82]), we have 

NjlSe-*] = NA8e-^](z) = $6}{z), (84) 

2 Here we are assuming < n < (2 — Vo)t. If —(2 — Vb)t < n < 0, the central angle is not 
less than 7r/4 but is less than 7r/2. The consideration about the nomotopic movement requires 
no change at all. 



ftZ + Sj - Tj 



/2 e (-l)3 lz 2 /4 e -(iV iI(33 )( z )^ 



(81) 
(82) 
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even \ 




odd / 













Figure 6: Cut of Nj5j and the cross 



where 

{-1)1 



5° = S ™ e -*(s J -S7 1 ) 2 /2 (Pi—) ~ ™ 3 el-V-^Ws^Sj), (85) 



„(- l)i - 1 {N,- X j (z) -Xi (Si ) } - (Nj <p j ) (z) (Nj Sj ) (z) 



(86) 

We choose the branch of the logarithm which is real on R+ and cut along 
R_. The imaginary powers in the definitions of and 8j(z) should be 
interpreted accordingly. We have at least a pointwise convergence Sj (z) —> 
z (-iy- 1 iv je (-i)Hz 2 /4 as i ^ In Proposition [TaTI we shall show that 
this convergence is uniform in a certain sense. 

Remark 8.2. We have S j+2 (S j+ 2) = Sj(Sj), 5° j+2 = (-l) n $ (j = 1,2) 
because of Remark \8.1\ Since T\ — T 2 = exp(— ni/4), the ratio /3j/(Sj — 
Tj) in the definition of 5® can be represented by 

Pi -iA (3 2 iA 



Si-Ti 2(4t 2 -7i 2 ) 1 /4( J 4_i)' S2-T2 2(4i 2 -niy/^A- 1) ' 

(87) 

These quantities are nothing but Di and D 2 in H25V . 

The cross E(S,) is the union of the two lines E(5j, L) and E(Sj,Z/) 
defined by 

E(5j ,L) = Sj + e™ /4 S,-K = Sj + (3 = 1,3), 

= Sj + e"" /4 5iR = Sj + ill (j = 2, 4), 

£(Sj, L') = + e _7ri/4 SjR = + i.4R (j = 1, 3), 

= Sj + e wi ^ 4 SjR — Sj + AR (i = 2,4). 

Notice that each E(Sj,L) [resp. E(Sj,L')] share some segment with L 
[resp. L'], but is not included in it. We have M j " 1 E(5 , j , L) = e _,ri/4 R (j = 

1,3), the direction of steepest descent of e _lz / 4 , and A1~ 1 T,(S ] ;, L) = 

e^'^R^' = 2,4), the direction of steepest descent of e Iz2/4 . Therefore 
E(Sj, L) is in the direction of steepest descent of e~ v for any j = 1, 2, 3, 4 
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in view of (|82[) . Similarly, E(5j,Z/) (j = 1,2,3,4) is in the direction of 
steepest descent of e v . 

We introduce some sets each of which is in a neighborhood of a saddle 
point. (In contrast, L £ and L' E to be introduced later are away from the 
saddle points. ) 

£(Sj,L) e = {2 £ E(Sj,L); 2 — Sj\ < e} (a short segment), 

S(Sj,L') s — {z £ Yl(Sj,L); \z — Sj\ < e} (another short segment), 
E(S f ) e = E(Sj,L) e U E(5j, L% (a small cross). 

Then E(S J ) e = {2 G E(5 J ); |z - < e}, E' = U* =1 E(S,) e , supp^V C 
E' n L = U^ = iE(S,-,L) 6 and suppurl C E' n L' = U J 4 =1 E(S' J , L') e . 

9 Crosses 

Split E' into the union of four disjoint small crosses: E' = uf =1 E(S 3 -) e . 
We decompose w'± into the form 

4 

«4 = X>i, (88) 
3=1 

where supp«rj_ C T,(Sj,L) e and suppiui C T,(Sj , L') s . Set w 7 = to^ + 
iwi. Define the operators Aj = C ul3 (j = 1,2,3,4) on L 2 (E') as in ([57)) . 
We have to' = ^ . ^ an d Cj; = Aj • See Proposition 17.31 for the 
distinction between C^, and C w i. 
Lemma 9.1. If j 7^ k, we have 

\\AjA k \\w) < Ct ~ 1/2 > \\A j A h \\L«>(s>)-n*(B>) < Ct~ 3/4 . (89) 



Proof. Follow the proof of |10l Lemma 3.5]. Use Lemma |7. II and the fact 
that dist(E(5,) e , T,(Sk)e) is bounded from below. □ 

In SjTT]we will prove the existence and boundedness of (1— A,) -1 : L 2 (E') — > 
L 2 (E')(j = 1,2,3,4). In view of Lemma ED and HOI Lemma 3.15], it 
leads to that of (1 - C^,') -1 : L 2 (T,') -> L 2 (E'). By [TD1 Lemma 2.56], 
we find that (1 — CV) -1 : £ 2 (E) — s> L 2 (E) exists and is bounded. Fi- 
nally (1 — C w t)~ 1 : i 2 (E) — » i 2 (E) also exists and is bounded because 
of the smallness of C w t — C w i = C w e and the second resolvent identity 
(l-A)- 1 = {(l-B)-\B-A) + l}- 1 (l-B)- 1 . 

We have 

114,^(1 -A^iWvw 

< WAjAklW^w + \\AjAkil - Ak^AklW^w ( 9 °) 

Here || Aj AklH^M) < Ct~ 3 ^ 4 follows from the second inequality of Lemma[97l] 
On the other hand, we have \\AkI ||_l2( E /) < ||w fe ||L2(E') < ll^'lU^rs') < 
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Ct 1/?4 by (|67[1 . This estimate, together with the first inequality of Lemma l9.1l 
and the boundedness of (1 — Aj) _1 , yields 

||A,i4*(l - A*) -1 /^^) < Ct' A/i . (91) 
Following (repeatedly) [101 pp. 338-339], we obtain by (I91[) and Lemma fe.ll 



j z~ 2 ({i + Ej ^(i - a,)- 1 }/)™' + or 1 ) 



'+ Y, z- 2 {A j (l-A j )- 1 l)w h + 0(t- 1 ). 



(92) 



We have sixteen quantities involving the pairs (A 3 (l — Aj)~ 1 ,w ) (j,k G 
{1, 2, 3, 4}). We claim that the main contribution is by the 'diagonal' pairs 
(j — k). Let us estimate the 'off diagonal' terms. 
Since (1 - Aj)' 1 = 1 + (1 - Aj-) _1 Aj, we have 



z-^Ml-Aj)- 1 ^ 
[ z- 2 {A 3 I)w k + [ z- 2 {A j (l-A j )- 1 A J I}w h 



(93) 



Notice that the distance of z G £(Sfc) e and r\ £ Yl(Sj) e and that of z £ £' 
and are bounded from below. These facts, combined with (|68|) . lead 
to the following Fubini type estimate of the iterated integral in the first 
term: 



S(Sfc)e 

k, 



s(s 3 ) e V-z 2tvi 
< C||w J (77)|| I ,i {E( s j ) e )||w; fc (2:)||i,i(E(s fc ) e ) < Or 1 . 



™ 3 (:n) dv\ k, x , 

- \w (z) az 



(94) 



The second term in (|93[) is estimated in a slightly different way. By (167[) . 
(1681) and the Schwarz inequality, 

f z- 2 {M^-A j )- 1 A s I} W k 

((l-A j )- 1 A j I)( v )v^{Ti) d V x _ 2 „ 

' . \z w (z) 

j] — z 2ni ) 



E(S fc ) £ k JE(S,.) 



< C||(l - Aj) 1 A J /|| i 2 (E(S:j . )e) ||w J (ry)|| L 2 (E(Sj . )e) ||2 2 w k (z)\\ L i {s(Sk ) E ) 

< C\\w J \\ 2 L 2 mS:)h) \\w k \\ LHs(Skh) < Of' 1 . (95) 

By using and to' = ((1 - A J )(1 - Aj)- 1 !) w j , we get 



/ ^ 2 ((1 - C5V 1 /) to' = £ / ^[(l-A^/H' + OCr 1 ). 
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Owing to [10] (2.61)], Aj = C wj : L 2 (E') -» L 2 (E') in the above formula 
can be replaced by C e wi : I/ 2 (E(S' :) ) e ) — > L (H(Sj) e ), which is defined as in 
(|57|) for the pair (E(S,-) S , ur 1 ). Combining this fact with Proposition 17.31 
(t > 1), we get the following result, which shows that the contributions 
of the four small crosses can be separated out. 

Proposition 9.2. We have 

Rn(t) = -s(f})^2 f ^[((l-c^r 1 /)^)^)] l^+or 1 ). 



10 Infinite crosses and localization 

We introduce and uj j on the infinite cross given by 



w± 



w + + w_ , 



Z € E(Sj) \ 

^E(Sj). 



Define the operator X; : L 2 (E{Sj)) -> L 2 (E(5' J )) as in (|57|l with the kernel 
w j ± . Set A° = (<5°) CT3 , = 0A°. The operator A° and its inverse are 
bounded. Define ay : L 2 (E(0) j ) -> L 2 (E(0)j) by 

= C+(. (A?)- 1 ^:^?) + C_(. (A°)- 1 (JV^i)A°). (96) 
Then we have 

a, = A^^JVr^A?)- 1 , X = N^ 1 {Nj)~ 1 ajK°jNj . (97) 
On Mr 1 E(S' i ,L) e \ {0} C E(0),, we have 



(A j )-\N j [z- 2 wi])A°)(z) = 







by (EU, and the left-hand side is zero on E(0)j \ M~ 1 T,(S j ,L) £ 
On M- 1 E(S'j,L') e C S(0) 3 -, we have 



(A°)- 1 (iV,[^- 2 ^:])A?)(^ 



-(^ + ^)- 2 J R(^ + ^)<5j(^)- 



by (J63]), and the left-hand side is zero on E(0)j \ M J " 1 E(5 J •, L') e . 

Assume that j is odd (j = 1,3). We have M7 1 Z(S j ,L) e = e"' i/4 lfl 
{Ift^l < £ } an d it is the union of the lower right (z/e - '"'' 4 > 0) and 
upper left {—z/e~ 7Tt ^ A > 0) parts. Recall that the positive imaginary axis 
is mapped by Mj to the outer normal at Sj if j is odd. 



24 



Proposition 10.1. Assume j = 1 or 3. Fix an arbitrary constant 7 with 
< 27 < 1. Then on M~ 1 E(S , J ,L) e n {2; iz/e^ 4 / 4 > 0} respectively, 
we have 

\(J3jZ + S 3 y 2 R(/3 3 z + S^izf - 5- 2 7?(S J ±)z 2 ^e- lz2/2 | 

< Ct' 1/2 logt • \e~^\, (98) 
\r{P 3 z + S 3 )5){z) 2 - J R(S' J ±)2 2 "^e- lz2/2 | 

< C*t~ 1/2 log e -12 ^ . (99) 

VFe choose R(Sj+) = f(Sj) on the lower right part and R(Sj-) = — f(Sj)/(l — 
\r(Sj)\ 2 ) on the upper left part. The analytic functions z ±2t " j and Sj(z) 
have cuts along R_ . 



Proof. We show only (|98[) because (|99|l is just an easier version of it. 
Moreover we can assume j = 1 by symmetry. On Mj~ 1 E(5i, L) e , we have 

\e^\\{PiZ + S 1 )-*R(fiiZ + Si)6l(zf-Sr 2 R(Si±)z aivi e- iz ' /2 \ 

< \e-^\R^ lZ + St)FE 1 E 2 ^^ - Sr 2 R(S 1 ±) Z 2i ^e^ 1+2 ^4]\ 

Si(Si) 2 



(100) 



where 



« 2 



Ei = z 2l " 1 e X p^(-l + 2 7 )y-27V m (z)J, (102) 

E 2 = exp(2{iV lXl («)-xi(ft)}). (103) 

Each factor in (|100p is uniformly bounded with respect to (n, £). 
Since ze _I7Z ^ 2 is bounded and f}\ = 0(t _1//2 ), we have 

\e- Sa £[R(Piz + Si.)-R(Si±)]\ 

< le-^W^z] sup \R'(w + Si)\ <C\Pi\ <Ct~ 1/2 . (104) 

\w\<e 

Similarly, we obtain 

\e~^{F - S^ 2 )\ <Cr 1/2 , (105) 

< cr 1/2 . (106) 



e 2 


rjVrJr^) 2 1 




L 5i(5i) 2 J 
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Moreover, Nitpi(z) = 0{\p lZ \ A ) and the boundedness of z 2ivi andz 3 e _i7Z 12 
imply 



,2 - 87Z " /2 [Ei - z 2 ™ 1 exp (i(-l + 2 7 )z 2 /2)] | 



< e 



-i7Z 2 /2 



sup 

0<s<l 



ds 



exp + 2 7 )— - 2sNi<pi(z) 



< c\e-' lz2/2 \ \f3 lZ \ 3 < C*|/3i| 3 < Cr 3/2 < Ct~ 1/2 . 



(107) 



Four t x l 2 type estimates ()lU4f) - ()107f) have been obtained. 

Lastly we derive a t -1 / 2 logf type estimate involving E2. We have 

|e- I7z2/2 (E 2 -l)| 

< sup je 2s{JVlxl(z) - xl(Sl)} |-|2e- l7z2/2 (iV 1 xi(^)-Xi(5'i))!- (108) 



Since the supremum is bounded, we have only to derive a t 1 ^ 2 \ogt type 
estimate of the second factor in (|108[) . Integration by parts yields 



2ni[Ni X i(z) - X i(Si)] 



Si 



log • 



|r(r)| 



Ti 



\r{Si)[ 



■ dloi 



r-(p 1 z + S 1 ) 

T-Sl 



= —Li — L2, 



where 



T l-|r(Ti)| 2 , Ti-^ + SQ 

Li = log - — ■ 77; ;; log 



l-|r(5i)| s 



L 2 = 



log 1 5 i 5(r) dr, 



r-Si 



ff(r) = ^:log(l-|r(r)| 2 ) 



(109) 

(110) 

(HI) 
(112) 



The first logarithm in L\ is bounded. The second logarithm can be esti- 
mated in the same way as (|104p etc. and we get 



L i| < Ct 



-1/2 



We express the integral L2 as the sum of two terms 
L2 — + L2, 



gl { g (r)- g (5i)}log T - ( ^ +gl) dr. 



£2 = / log 



Sl , T-{plZ + Sl) 



T-Sl 



dr. 



(113) 

(114) 
(115) 



We have |log(l+u>) = | /"(l+z)" 1 dz\ <C\ w\ in any sector that is away 
from the negative real axis. For r and z in L 2 , the ratio —0iz/(t — Si) is 
in such a sector and 



lot 



r-(/3iz + Si) 



T-Sl 



log 1 - 



r-Si 



< C 



T-Sl 



(116) 



26 



It implies 

\e- ilz2/2 L\\ < C\e- l ~' zl /2 \\p lZ \ 



r: 


9(r)-9(S 1 ) 




T-Sl 



\dr\ < cr 1 ' 2 . 

(117) 



Next we consider L%. An elementary calculation shows 

Sl . r-iPxZ + Sx), 
log - dr 



Ti I — 01 

Si 



T- S 

= [{T-PiZ-Si)log(T-PiZ-Si)-{T-Si) log(r - Si 

= -Pizlog(-Piz) -UTi-Si- w) log(Ti -Si-w)\ 



\t=T 1 



w=j3\ z 

(118) 



The product of e 11 z ^ 2 and the second term in the right-hand side of 
(I118|l can be dealt with in the usual way, as in (I1U4|I etc. The product of 
e~' 7Z / 2 and the first term enjoys an estimate involving f~ 1//2 log t. Indeed, 
if t is sufficiently large, 

\e-"' z2/2 p lZ log(-/3iz)| < |e-^ 2/2 /3 l2 log z\ + \e-"' z2/2 z\ \pi log(-ft)l 

< cr 1/2 + cr 1/2 logt < ct~ 1/2 iogt (ii9) 

By (|1 18[) and these estimates, we get 

\ e - r '< z2/2 L 2 2 \ < Ct~ 1/2 logt. (120) 
Combining (fT08)> , Jl09j, (fTT3)l , (fTTT)) and (fl20|) , we obtain 

|e~ l7z2/2 (E 2 - 1)| < CT 1/2 log*. (121) 

Finally (J98J) follows from (fTOOl) , (fTMl) , (fT05l) , (flOo) , fflOTTl and (fT2Tj) . □ 

If j is odd (j = 1,3), we have A/~ 1 E(5', , L') e = e* i/4 ln {\fcz\ < 
e} and it is the union of the upper right (z/e 7rl//4 > 0) and lower left 
(- Z /e 7Tl/i > 0) parts. 

Proposition 10.2. Assume j = 1 or 3. Fix an arbitrary constant 7 with 
< 27 < 1. Then on M~ 1 S(S' j , L') e n {z; iz/e™ 74 > 0}, we have 

\{p jZ + s,y 2 R(p 3 z + s 3 )8){ z y 2 - s~ 2 R(s 3 ±) z - 2 ^e^ 2 / 2 \ 

< Ci~ 1/2 logi ■ le^l, (122) 
|ij(ftz + Sj)^*) -2 - R{S 3 ±) Z - 2lv ie lz2,2 \ 

< Ci~ 1/2 logt ■ le^l. (123) 

H^e choose R(Sj+) = r(Sj) on i/ie upper right part and R(Sj-) = —r(Sj)/(l- 
\ r (Sj)\ 2 ) on lower left part. 
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Remark 10.3. If j is even, we have Af~ 1 E(5' J , L) e = e ni/4 Rn{\Pjz\ < e} 
and M~ 1 T,(Sj , L') s — r"' 4 l(l < £}■ The positive imaginary axis 

is mapped by Mj to the inner normal at Sj . Roughly speaking, we have 
the following: 

. OnM-'EK,!), (j = 2,4); 

{PjZ + Sj)- 2 R{P 3 z + S 3 )8]{zf tends to SJ 2 R{S 3 ±)z~ 2i ^ e" 2 /2 and 

R([3jz + Sj)5j(z) 2 tends to R(Sj±)z- 2i ^ e iz2/2 as t -> oo. Here 
we choose R(Sj+) = f(Sj) on the upper right part and R(Sj~) = 
—f(Sj)/(l — \r(Sj)\ 2 ) on the lower left part. 
. On M~ 1 Y,{Sj,L') E (j = 2,4); 

{l3 3 z + Sjy 2 R{l3 3Z + Sj)b~){z)- 2 tends to Sj 2 R{Sj±)z 2w 'e' lz2/2 and 

R(P 3 z + S^iz) 2 tends to R(S j ±)z- 2lu ^ e lz ' '~ /2 as t -J- oo. Here 
we choose R(Sj+) = r(Sj) on the lower right part and R(Sj-) = 
—r(Sj)/(l — 1 ^ ( 5^,- ) | 2 ) on the upper left part. 

11 Boundedness of inverses 

Recall that Aj is an operator on L 2 (E') with the kernel w j supported 
by E(5j) £ and that E' = Uj =1 E(S'-j) e . In this section, we prove that 
(1 — Aj) -1 exists and is bounded as an operator on L 2 (E'). This fact was 
used in Sj5] We make three steps of reduction (which will be followed by 
still other steps later in this section). It is enough to prove the existence 
and boundedness of: 

[i] (1 - CI,)- 1 : L 2 (E(^) £ ) -> L 2 (E(S f ) e ). 

[ii] (l-i,)- 1 :L 2 (E(5 J ))->L 2 (E(S,)). 

[iii] (l-a,)- 1 :^^)-^ 2 ^),). 

The first two steps of reduction are due to |10l Lemma 2.56]. The third 
is due to a scaling argument. Indeed, (|97[) implies 

(1 - Aiy 1 = Ni 1 ^)- 1 ^ ~ * S ) 3 A«^ (124) 

and the boundedness of (1 — A 3 )~ follows from that of (1 — aj) -1 , since 
iVj,A? and their inverses are bounded. 

Set 

4 = (A°)- 1 (iV>i)A 3 = (Sfy^^Njwi, (125) 

so that by ^ 

ay = = C+ (. uL ) + C_ (• c4) ■ 

The cross E(0)j consists of four rays: 

E(0), = uLiS(O)*, E(0)* = e !S ^ /4 R+, 

where si = 1, S2 = 3, S3 = 5, S4 = 7. Each ray is oriented inward if j is 
odd and outward if j is even. Set 

wj 00 = lim uA. (126) 

t — J-00 

By |[S9]), (fT23)) and Remark [TOI (fT26)) holds in U (1 < p < 00). The 
concrete forms of w^ 00 are given below. 
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11.1 Case A 



Assume that j is odd (j — 1,3). The contour E(0)j is oriented inward. 
Notice that r(Si) = -r(Sa), v x = v 3 . By virtue of (52), (B5) and (Tl23|) we 
get 



7,00 

u + = 


U 1-|KS 3 )| 2 e 




-iz 2 /2~ 


a G E(0) 2 , 




_o o 






z G E(0) 4 , 








z£ 2(0)^2(0)]. 


©, (EE 


|) and l|125p imply 













0. 


J 








r ( S j) „-2^,- „iz 2 /2 




o" 




z G S(0), 3 , 




Ll-|r(S 3 ')l'' i 







= o, ze E(o) 2 u E(o) 4 . 



For each j, either or is and the associated jump matrix is 

(I - uj'f )- 1 (I + lo^°°) = (J + o; J J oc )(/ + ^ 00 ) = J + u^ 00 or 7 + a^°°. 

(127) 

Set = cj£°° + and 

= CU~ = C+C-wf: 00 ) + C_(. W j 00 ) : L 2 (E(0) 3 ) L 2 (E(0),). 

By l|99)l. (fl23ll and Remark [TO we find that the boundedness of (1 - 
aj)- 1 can be derived from that of (1 - a 3 ^)' 1 : L 2 (E(0)j) -> L 2 (E(0)j) 
if t is sufficiently large. The proof of the boundedness of (1 — or'' 00 ) -1 (at 
least for j = 1,3) can be found in [9] [TT]. Indeed, the matrices uj^ 00 are 
the same (up to inversion in the case of different orientations) as those 
in [9] p. 198] and [111 p. 46]. The presentation in the former is sketchy. A 
complete proof is given in the latter, but probably it is not easy to find, 
especially at libraries outside Japan. So here we repeat key steps of the 
calculation in [TT]. The method is basically the same as that in [10| . which 
can be referred to for some details. 

Reorient and extend E(0)j to E e (we do without the subscript j for 
simplicity) which is defined as follows: 

• E e = E(0)j Ul = RU e^R U e-" /4 R as sets. 

• K is unconventionally oriented from the right to the left, e 1 '' 4 ! from 
the lower left to the upper right, e _7rl//4 R from the upper left to the 
lower right. 

We have E e = U| =1 E|, EJ = e ia ^ /4 R+ (ai = 1, a 2 = 3, a 3 = 4,a 4 = 

5, as = 7, as = 8). Let ttl(k = 1,2,..., 6) be the sector between 

and E| (here Eg = Eg). The rays are so oriented that C+V and C 1 ! f 
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are analytic in the even- and odd-numbered sectors respectively for / 6 
L 2 (£ e ). 

From u} J j°° , we obtain the renewed jump matrix 
V e =v e (z) = (ftirX = (I-uiy^I + ul) = (J + w')(/ + w5.), 
where 



b\ 


= Bi = 


r(Sj)z 


b+ 


= B 2 = 


1 



b% 


= J 




K 


= /,6 e _ = 


= B 3 = 


b\ 


= /,6i = 


= B 4 = 


b\ 


= I 





1 



,61=/ 



r(Sj) 2ivj -iz 2 /2 



,6! 



l-|r(Sj)|^ 

1 



<4 = ±(6| - /) 



on EJ, 

on £3, 
on E|, 
on £4, 

on Eg, 

on Eg, 
on £ e . 



Notice that we have changed orientations on Ef U £§ = S(0),- U £(0),-, 



where u± 



The operator 0? 



C^j.oa of type (|57|) associated 



with (E(O)j,^ 00 ) coincides with that associated with (Ef U £| U £4 U 
£1,w±|i;jue|ue|ue§)- By [TO] Lemma 2.56], in order to prove the bound- 
edness of (1 - o^' 00 ) -1 : L 2 (E(0)j) -> L 2 (£(0)j), we have only to prove 
that of (1 — C u e) _1 , where C w e is the operator associated with (E e ,u±). 
Define a piecewise analytic matrix function <j>(z) on C \ £ e as follows: 







o| 


m 


0| 


01 


01 


<p(z) 















(128) 

On E e , set u e ^(z) = ^-(^(z)^- 1 ^). Then we have u e ^(z) = J on 
Ef U El U EJ U £|. On Eg, we have 

u e '^(z) = (z- iu S a3 Br 1 )(z- iu S'' s BZ 1 )- 1 = 2 "^ ad<T3 (B 1 " 1 B 4 ) 



1 r{Sj) 
-r(5,) 1 - |r(S,)| 2 



On E| = R_, its orientation implies {z~ iv i)-/{z~ iv i)+ = e 2 ^ = (1 
Ir^)! 2 )" 1 and 



V e ' O) =e -T- adCT 3 



1 I=RsJ)F 
1 



(«- i ^ CT3 )_(2^' CT3 ) + 



1 

-r(Sj) 1 



1 r{S s ) 
-r(Sj) 1- |r(^)| 2 
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We set 



= on Ef U E| U E e 4 U El 
0' 

: -rCSj-Je** 3 / 2 0. 



e,tfj 



1 II 



(129) 
on R, (130) 
(131) 



We have « e ' = (I - + toj 1 *) on E e . By [I0l Lemma 2.56], 

the boundedness of (1 — C„e,*) _1 on L 2 (E e ) follows from that of (1 — 
C u e,<j> Ik) -1 on L 2 (R). The latter is an immediate consequence of \r (Sj)\ < 
1. 

By means of the process of |10l pp. 344-346] and the several steps of 
reduction in this section, we can derive the boundedness of (1 — C^e)" 1 , 
(1 - a^r 1 = (1 - CU«)-\ (1 ~ a*)" 1 = (1 - C ui )-\ (1 - A,)' 1 , 
(1-C^)- 1 and (1-Af)" 1 . 



11.2 Case B 

Assume that j is even (j — 2,4). The contour E(0)j is oriented outward. 
Notice that r(S , 2) = — r(Si),i/2 = ^4. We have 







« G E(0)}, 



i-k(Sj) 



!T- 7 



-2iiA,- iz /2 



= 0, 



8 G E(0) 
z G E(0) 2 U E(0) 



and 








2 /2 



z G E(0)|, 
z G E(0)*, 



0, 



z G E(0)J U E(0) 



Define Ld J '°° and a J '°° in the same way as in Case A. Here again we 
want to show the boundedness of (1 - o^ 00 ) -1 : L 2 (E(0)j) -> L 2 (E(0)j). 

, 7,00 i even.oo odd.oo l ■ ■ 1 i j_- l 

Denote torj! by to ± or to ± when j is even or odd respectively. 
Replace r(Sj) with f(Sj) (hence f(Sj) with r(Sj)) in the definition of 
w± dd '°°, and denote by u>± '°° the matrix thus obtained. For example, 
when j = 2, we have 



— odd.oo n — odd.oo 
to 1 = U, to_ 



-f(S , 2 )z- 2l " 2 e iz /2 



on E(0)J. 



Notice that f is evaluated at j = 2 (an even number), although the form 
of the matrix is borrowed from the odd j's and the superscript contains 
the word 'odd'. 
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The problem concerning '°° can be solved in the same way as that 
concerning We find that 



cvcn.oo t— odd,oo — odd.o© 

CJ + — — Ul-r — — (TiWt- ' <Ti, <Jl = 



1 

1 



(132) 



We denote a J '°° = by a ovon '°° or Q odd - 00 when j is even or odd 

respectively, and let a° dd '°° be the operator obtained by replacing cj± '°° 
with u)^ dd, ° in a odd '°°. L e t be the right multiplication by cti, namely 
0"i (/) = M- Then dUSJ) implies 

cven.oo ~ — odd.oc * /ioo\ 
a = (Ti O Q OCTl, (133) 

because the cross S(0)j changes orientation in accordance with the parity 
of j. It cancels out the negative sign in the right-hand side of (1132p . 
Moreover it exchanges the positive and negative sides of the rays, as is 
compatible with the ± and =p signs in () 132f) . Therefore the boundedness 
of (1 — Q odd '°°) _1 proved in the previous subsection implies that of (1 — 

-odd.oo)-! and ^ _ a even,oo-pl_ 



12 Reconstruction via scaling 
12.1 Reduction to infinity 

We defined the operator A 3 : L 2 (E(S' j )) -¥ L 2 (T,(Sj)) with the kernel w J ± 
at the beginning of £| 101 By Proposition 19.21 and [101 Lemma 2.56], we 
obtain 

4 

Rn(t) = -8(0)Y, KW] 21 +0(t- 1 ), (134) 

2=1 

where the matrix R J n (t) is defined by 

Ri(t)=[ ({l-A^I^z^uPiz)^- (135) 

By ([124]) and A°NjI = A°, we obtain 

Ri(t) = / (N^m)' 1 ^ - a ] r 1 A° J N J l)(z)z' 2 ^(z)^ 

= / ((l-a^A^iz'^y^NA.- 2 ^])^')^ 

with z = MJ x (z) = (z- Si)/ Pj e E(0)j. 
The change of variables z — j3jz' + Sj leads to 

K{t) = Pi f ((l-a^^A^^OCA?)- 1 ^-!.- 2 ^])^')^- 

The operator a., is basically right action. It commutes with the left mul- 
tiplication by A° = (S^y 3 and so does (1 - a,)' 1 . We get by (fl25l) 

Ri{t) = p^)^ f {{l-ai)- x I){z){PiZ + Si)-*u?{z)-^- (136) 
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By using Proposition 1 10 . ll 1 10 . 2 1 and Remark ll0.3l we get 

/ ((1 - a J )- 1 J)( 2 )(/3^ + 5j)-V(a) dz 

= I ((l-afy 1 l)(z)S- 2 uj :i - oc '(z)dz + 0(r 1/2 logt). (137) 
Je(o) 3 

We substitute (fT37)> into lfl36)l . Then (fT34)> and ft = 0(i _1/2 ) yield the 
following proposition. 

Proposition 12.1. 

' ' {{l-aT)-H)(z)^°°{z)dz 



3=1 



S(0)j 



21 



+ 0(t _1 log i). (138) 

The integral in (|138p can be calculated by using a Riemann-Hilbert 
problem. For C \ E(O)./, set 



m?(z) = 1 + J 



((l-qf)- 1 /)^- 00 ^) dC 

E(0)j C — z 27TZ 



Then m 3 (z) solves (uniquely) the Riemann-Hilbert problem 

m J + (z) = m?_{z)vP{z), z £ E(0) j5 (139) 

m j (z)^>I as z — > co, (140) 

with u J » = (I - o;^ 00 )-^/ + cj^°°). As 2 co, m?{z) behaves like 
m J (2) = I — z^ 1 rn J 1 + 0(z~ 2 ), where 

((l-arr'/KcV'^c)^ (Mi) 

is nothing but the integral in () 138f) . It implies the following proposition. 
Proposition 12.2. We have 

Rn(t) = -f^Eft^r^Vi^l +0(t- 1 l0gt). (142) 

The integral m\ is calculated in two steps depending on the parity of 



12.2 Case A 

Assume that j is odd. We introduce the contour E in the following way: 

• E = E e as sets. 

• Set Efe = E|, tlk = £1% f° r fe = 1, 2, . . . , 6. Orient each E*, from the 
(upper/lower) left to the (upper/lower) right. In other words, the 
orientation of E differs from that of E e on R. 
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Set H = m-'tf) , where <j> is as in (|128[1 . Its jump matrix on E \ R 
is (\>-vi (\>~]^ = 4>~ ve '4>^ 1 — v 3 '^ — I- Denote by v its jump matrix on 
R = E3 U Eg. We have 

H+ = H-V on R, (143) 
Hz'^^ 3 = 7 - * _1 mj + 0(2 -2 ) asz^oo. (144) 

We can show that 



v = v e,4 '(z) 1 |j 



e 



i-K^)| 2 -f(^) 

r(Sj) 1 



Remark 12.3. If r(Sj) = 0, then we have Vj — 0,v — I. It follows that 
H = I,m\ = 0. Hence Mj in Theorem \3. 1\ vanishes. 

Assume r(Sj) 7^ 0. Our formulas (|143[) and (1144 1! are just the counter- 
parts of [IHl (4.18), (4.19)]. We can follow the calculation in [TD] pp. 349- 
352] and get 



{m{) 2 i = - ™ . , , , (m|) 12 = lV 7 e 6 . . (145) 

r{Sj)T(iVj) r{Sj)T{-ivj) 

It follows from r(5i) = — r(5*3) that 

(m?)2i = — (m5) 2 i, ("i?)i2 = — (mi)i2. 

12.3 Case B 

Before calculating m\ when j is even, we give a general argument. Let us 
consider a pair of Riemann-Hilbert problems on a common contour: 

M+ = M-v, M ->• I as z ->• 00, (146) 
M+ = M-(ctiWo-i), M I as z 00. (147) 

The latter implies 

o\M+o\ = (aiAI-<Ji)v, o\Mo\ — > J as z — > 00 



and <j\Mo\ satisfies (|146l) . Therefore, if (|146l) is uniquely solvable, so is 
(|147l) and we have o\Mo\ = M, hence 

M = criMcxi, Mai = Mia, M i2 = Mai. (148) 

Now we come back to our specific situation. Recall that 

even, 00 —odd. 00 in\ 

Wj. = — ciu;^ ui. (149) 

We are almost in the situation described in (| 146p and (|147p . On the right- 
hand side of ()149[) . there is a negative sign and the subscript =p replaces 
±. These deviations from ()147[) are canceled out by the fact that E(O)-, is 
oriented differently in accordance with the parity of j. See ()15Up below. 

When j is even, we reverse the orientation of E(0)j. Then the ori- 
entation is now inward and the new jump matrix is v cvcn = v j (z)^ 1 = 

lr 1 even, 00 \ — 1 / r c 
(I+LU + ) (I — LJ_ 



even, 00 \ 
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Set w dd(f(Si)) = (/-^° dd '°°)- 1 (/ + a;; dd ' 00 ), then JT49]) implies 

"even = (TlV dd(f(Sj))ai. (150) 

Therefore the solution in Case A with r(Sj) and r(Sj) interchanged gives 
that in Case B by the procedure in Q148J I. If j is even, (|145|) and (|148p 
lead to 

- wfe) ■ ,151) 

It follows that (7711)21 = — (7711)21. 
Proposition 12.4. l^e /iawe 

2 

fla(t) = ~ S M Vft(^ , )- 2 S- 2 (m J 1 ) 21 +0(t- 1 logt). (152) 

7TI ' — ' 

3=1 

Proof. In (|142[) . the third and the fourth terms are identical with the 
first and the second respectively, because /3j +2 = —ft, (<5j +2 ) 2 = (<5j) 2 ) 
5| + 2 = <5 2 and (m{ +2 ) 2 i = —(m{)2i- Notice that (m{)2i is referred to as 
Mi in Theorem EU □ 



12.4 Proof of Theorem GO 

Substitute (fT45)) and ([151) into (152J . Then we get Theorem [3T] in view 
of (85]) and See Remark [TOl for the case r(Sj) = 0. 
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